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Topology of Entanglement in Multipartite States with Translational Invariance
H. T. Cui∗ and J. L. Tian, C. M. Wang, and Y. C. Chen
School of Physics and Electric Engineering, Anyang Normal University, Anyang 455000, China
The topology of entanglement in multipartite states with translational invariance is discussed in this article.
Two global features are foundby which one can distinguish distinct states. These are the cyclic unit and the
quantised geometric phase. Furthermore the topology is indicated by the fractional spin. Finally a scheme is
presented for preparation of these types of states in spin chain systems, in which the degeneracy of the energy
levels characterises the robustness of the states with translational invariance.
PACS numbers: 03.65.Ud; 03.67.Mn
I. INTRODUCTION
Since the discovery of Greenberger-Horne-Zeilinger (GHZ)
[28] and W states [2], it has been realised that there will ex-
ist distinct types of entanglement in multipartite states which
cannot be converted into each other by stochastic local op-
erations and classical communication (SLOCC), and thus are
called SLOCC inequivalent for brevity. From the viewpoint
of quantum information processing, these inequivalent entan-
gled states show distinct abilities for the processing of quan-
tum information. Consequently it would be interesting to find
a method for the general classification of multipartite entan-
gled states by SLOCC.
This task is difficult due to the existence of many classifi-
cations that emphasise different features of entanglement [3–
17]. This difficulty arises from the absence of Schmidt de-
composition in the multipartite case. Thus information of en-
tanglement in multipartite states cannot be obtained only by
local probing of the state. However some methods have been
proposed in order to achieve this goal, which focus on differ-
ent aspects of multipartite entanglement. The generalisation
of Schmidt decomposition to the multipartite case has been
proposed [6]. Consequently the concept of the Schmidt tensor
rank has also been introduced, for which the crucial idea is to
find the minimal decomposition on a product state basis [7].
Another interesting method is that of finding the polynomial
invariant, which is composed from the superposition coeffi-
cients of a state on a preferred product state basis, and thus is
invariant under SLOCC. The distinct patterns of polynomial
invariants can be used to classify the multipartite entangle-
ment [8]. In addition there are extensive efforts in other areas
including generalised majorisation [4], criteria based on in-
equalities [9], entanglement witnesses [10], and local unitary
equivalence [11].
A common feature of previous studies is that local mea-
surements are applied to obtain information on entanglement
in multipartite states. However this method becomes tedious
for an increasing number of particles. Thus it is interesting
to characterise the entanglement of states from a global view-
point which is invariant under SLOCC and independent of lo-
cal features in the states. Geometric or topological descrip-
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tions of entanglement are therefor proposed [12]. In this way,
distinct types of entanglement can be indicated directly by dif-
ferent geometric or topological features. Unfortunately this
method also becomes inefficient with increases in the num-
ber of particles. Recently a method for the classification of
entanglement in states using global symmetry has been pro-
posed [14–17]. In this way, some novel structures in multi-
partite states are revealed, which can be used to identify dis-
tinct types of entanglement. For example, a complete clas-
sification of multipartite entangled states with permutational
invariance has been performed by determination of the distri-
butions of the roots of the Majorana polynomial [16] or the
permutational unit in the states [17]. Furthermore experimen-
tal schemes for differentiating distinct types of entanglement
are also proposed [18]. Although this discussion is abstract,
it has physical interest since states with this symmetry can be
prepared readily in realistic physical systems [19].
However, from the viewpoint of preparation of entangle-
ment in concrete systems, especially in condensed matter sys-
tems, translational symmetry would be more applicable. Thus
in this article we focus on differentiating multipartite entan-
gled states with translational invariance (TI). This idea was
first put forward in our previous work [20], and we would
like to present a systemic discussion in this article. Our study
shows that two global features exist for states with TI by
which one can distinguish distinct states of TI. Furthermore
we show by a spin chain model that these states correspond to
its energy levels. Additionally distinct states of TI will have
different energies, by which one can distinguish them. More
importantly the topology of states of TI can also be demon-
strated by this picture. Thus the classification of states of TI
is meaningful from an experimental viewpoint. It should be
noted that this idea is compatible with recent findings [21]
showing that different quantum phases in condensed matter
systems will display differing computational power. Con-
versely this result implies that different quantum phases would
correspond to distinct types of quantum entanglement [22].
II. TRANSLATIONAL INVARIANCE OF STATES AND
THE TOPOLOGICAL FEATURES
The symmetry of a state is defined in the following way:
2Figure 1: Diagram of the translation operation Tˆ of N -qubit states
with periodic boundary conditions. The ket vectors denote distin-
guishable single party states. Then Tˆ corresponds to a clock wise
rotation of all single party states in order.
Definition 1 For a symmetry operator Sˆ, if
Sˆ|ψ〉 = c|ψ〉, (1)
then |ψ〉 is said to have symmetry S or be invariant under Sˆ.
Within this definition c is complex with |c| = 1, and Sˆ is
defined in a finite dimensional Hilbert space for mathematical
rigority. Because Sˆ is a normal operator, |ψ〉s with different c
are orthogonal to each other, and a basis of Hilbert space with
symmetry S can generally be constructed.
A. Translational invariance of the state and cyclic unit
Focusing only on the one-dimensional case for simplic-
ity, the translation operator Tˆ of a state corresponds to
a global moving of all single party states in order. Sin-
gle party state refers to an individual particle or party,
and these are distinguished by arabic numbers. With pe-
riodic boundary condition (PBC) of the single party states
|φ〉N+i = |φ〉i(i = 1, 2, · · · , N), where N is the num-
ber of parties, Tˆ corresponds to the clockwise cyclic per-
mutation of all single party states as displayed in Fig.1.
The crucial feature is that the order of single party states is
kept unchanged. Consequently, the cyclic unit can be de-
fined as the sequence of single party states {|a〉, |b〉, · · · },
which uniquely determines the state. In the appendix, sev-
eral examples of states of TI are presented. For exam-
ple, the cyclic unit of |W1〉3 = 1√3 (|100〉+ |010〉+ |001〉),
known as the standard W state, is {|1〉, |0〉, |0〉}, and ob-
viously |W1〉3 is just the superposition of all possible
cyclic permutations of single party states in the cyclic unit.
By this characterisation |W1〉3 is then TI. More examples
can be found in the appendix. For instance, the cyclic
unit of |W1〉4 = 12 (|1000〉+ |0100〉+ |0010〉+ |0001〉) is{|1〉, |0〉, |0〉, |0〉}, while it is {|1〉, |1〉, |0〉, |0〉} for |W3〉4 =
1
2 (|1100〉+ |0110〉+ |0011〉+ |1001〉). The two states have
different cyclic units, and are therefore SLOCC inequivalent
because of translational symmetry of state. (This will not ap-
ply when a state of TI is composed from two or more cyclic
units. Hence the following proof is restricted to the case that
there is one and only one cyclic unit in the state of TI).
This point can be proved formally as follows. |ψ1〉 and
|ψ2〉 are two arbitrary states with different cyclic units, de-
noted as S1 and S2. In general S2 = ⊗Ni=1MiS1, where
Mi denotes a local operation imposed on the i-th party. The
meaning of ”different” is that one cyclic unit cannot be con-
verted into another by the isotropic transformationM⊗N , i.e.,
S2 6= M⊗NS1. By the definition of the cyclic unit, one has
(without normalisation)
|ψ1〉 =
N−1∑
n=0
Tˆ n|S1〉,
|ψ2〉 =
N−1∑
n=0
Tˆ n|S2〉 =
N−1∑
n=0
Tˆ n
(⊗Ni=1Mi|S1〉) , (2)
where we have supposed that |ψ1(2)〉 are the eigenstates of Tˆ
with c = 1, i.e., Tˆ |ψ1(2)〉 = |ψ1(2)〉. As for other values of
c, one always finds a local unitary operation to transform the
state into the form with c = 1, and meanwhile keeps the cyclic
unit unchanged as indicated in the appendix. Ultimately it cor-
responds to justify the equivalence of |ψ1〉 and |ψ2〉 since the
local unitary operation cannot change the SLOCC equivalence
of the states.
Suppose |ψ2〉 SLOCC equivalent to |ψ1〉, then |ψ2〉 =
⊗Ni=1Oi|ψ1〉, in whichOi denotes the local operation imposed
on the i-th party. Then
Tˆ |ψ2〉 = |ψ2〉
⇒ Tˆ ⊗Ni=1 Oi|ψ1〉
= Tˆ ⊗Ni=1 OiTˆ−1Tˆ |ψ1〉
= Tˆ ⊗Ni=1 OiTˆ−1|ψ1〉
= ⊗Ni=1Oi|ψ1〉
∴ Tˆ ⊗Ni=1 OiTˆ−1 = ⊗Ni=1Oi (3)
The result above implies that ⊗Ni=1Oi is also translationally
invariant, i.e., ⊗Ni=1Oi = O⊗N . Consequently
O⊗N |ψ1〉 =
N−1∑
n=0
O⊗N Tˆ n|S1〉
=
N−1∑
n=0
Tˆ nO⊗N |S1〉
= |ψ2〉 (4)
Then S2 = O⊗NS1, which is obviously contrary to the origi-
nal presumption.
Conversely if |ψ1〉 and |ψ2〉 are SLOCC inequivalent, they
must have different cyclic units. The proof of this is as fol-
lows. Assuming that |ψ1〉 and |ψ2〉 have the ”same” cyclic
units, i.e. S2 = M⊗NS1, and so |ψ2〉 =
∑N
n=1 Tˆ
n|S2〉 =∑N
n=1 Tˆ
nM⊗N |S1〉. it can be noted that Tˆ nM⊗N =
M⊗N Tˆ n, and |ψ2〉 = M⊗N
∑N
n=1 Tˆ
n|S1〉 = M⊗N |ψ1〉.
This result is obviously contrary to the prerequisite that the
3two states are SLOCC inequivalent. Thus the proof is com-
pleted.
It should be pointed out that the discussion above can be
generalised to any arbitrary number of parties. For simplicity
and clarity, the following discussion is restricted to the qubit
case.
B. Quantized Geometric Phase
An interesting feature is that a phase difference will exist
between two adjacent permutations of a cyclic unit, as if the
system was penetrated by a flux. Consequently a global phase
factor can be identified by Tˆ . Noting that Tˆ with PBCs actu-
ally corresponds to a planar rotation groupCN , we then obtain
the first conclusion:
Conclusion 1 In an N-party Hilbert space, for the transla-
tional operation Tˆ , c can take the values ei 2npiN where n =
0, 1, 2, · · · , N − 1.
Actually the values of c constitute the character table of the
symmetry group CN [23]. In addition, since Tˆ corresponds
to an adiabatic transformation in state space, c has geometric
meaning as it is a geometric phase factor [24]. Conclusion
1 implies that the value of the geometric phase is quantised,
and thus there exists a nontrivial topological structure in state
space. This point can be demonstrated by the observation
that the N eigenstates with different c actually characterise
the statistics of a quasi-particle with fractional spin 1/N ; shen
one quasi-particle transforms circularly, it will acquire a phase
2pi/N .
Furthermore it is known from group theory [23] that there
exists n-th and m-th rotational axes for the planar rotation
group CN if N = n × m(n,m 6= 1). As for states of
TI, this means that the cyclic unit itself will have underly-
ing periodic structure. Then the value of c is determined
by the character of Cn and Cm together. Several examples
are presented in the appendix. For the 4 qubit case, there
are states |GHZ′1(2)〉4 with the cyclic unit {|1〉, |0〉, |1〉, |0〉},
composed of two length-two character stings ”10”. Thus
we call these states 2-periodic. Similarly for the 6 qubit
case there are states |W (′)0 〉6, |T (′)0 〉6, |T (′)∗0 〉6 with the cyclic
unit {|1〉, |0〉, |0〉, |1〉, |0〉, |0〉}, composed of two length-three
character stings ”100”. These states are then called 3-periodic.
The n-periodic state of TI is defined as that for which the cor-
responding cyclic unit is composed from the sting with min-
imal length n. The 1-periodic states can also be defined in
this manner as |11 · · ·1〉 and |00 · · · 0〉, which are obviously
SLOCC equivalent to fully separable states. Actually the pe-
riodicity of the states determines the minimal permutations
needed for the cyclic unit to return back to its original form.
We then have the second conclusion:
Conclusion 2 For a N = n × m qubits system, there exists
n-periodic or m-periodic states of TI, for the periodicity is
determined completely by the minimal length of substructure
in the cyclic unit.
From the viewpoint of topology, this conclusion implies that
there could exist distinct quasi-particles with different frac-
tional spins in the same state space. Consequently the period-
icity of a state is also a demonstration of a topological feature,
in state of TI, and this can also be indicated by the quantised
geometric phase.
So far we have defined two global features of states of TI,
the cyclic unit and quantized geometric phase factor. Gener-
ally for a specific cyclic unit there exists many states with dif-
ferent geometric phase factors, and a specific geometric phase
factor corresponds to many states with different cyclic units.
So one has to combine the two features together in order to
differentiate individual states.
III. COMPLETE HILBERT SPACE BASIS OF STATES OF
TI AND THE APPLICATION TO CONCRETE SYSTEMS
For an N -qubit system, one can find a complete orthogo-
nal Hilbert space basis of states of TI, as shown in the ap-
pendix for up to 6 qubits. This point can be demonstrated as
follows. The states |00 · · ·00〉 and |11 · · · 11〉 are trivially of
TI in themselves. For any other computational basis state (a
product state consisting of 0s and 1s) with period k, one can
always find its k−1 other cyclic states by applying Tˆ . Then by
introducing a phase difference 2mpi/k(m = 0, 1, 2, · · ·k− 1)
between these cyclic states, one can obtain k states of TI.
Conclusively k computational states, related by Tˆ , can con-
struct k states of TI. Then 2N basis states of TI can be found.
With this algorithm, the cyclic unit corresponds to the compu-
tational basis state, and can be found readily. In the appendix
the complete basis of states of TI up to six qubits have been
presented, where the basis states are classified into several sets
by the cyclic unit and quantised geometric phase.
Interestingly the basis states of TI corresponds to the energy
levels of a spin-half chain with ferromagnetic interaction, as
shown in Table I, which means that the basis states of TI could
be realised in a concrete system. Moreover the topology of
states of TI can also be demonstrated by the robust degener-
acy of energy levels, since the breaking of degeneracy needs
a the long-range interaction, i.e. H1 or H2 in Table I. Now
the underlying physics of the cases in this table are clarified in
order.
3-qubit case. There are two degenerate ground states, |1〉3
and |0〉3, which are fully separable. When the state of one
or two qubits is flipped, one obtains the first excited states
|W1(2)〉3, |T1(2)〉3 and |T ∗1(2)〉3, which are 3-periodic and are
equivalent to each other as shown in the appendix. Physically
the six degenerate states characterise a fractal spin 1/3 More-
over, since there is not any symmetry breaking, the degener-
acy is protected by translational symmetry [26], and thus is
stable against local perturbations without destroying TI. From
this viewpoint the excitation is topologically nontrivial.
In fact these excited states are the so called chiral spin
states, first discussed in reference [25]. The chirality can
be displayed by the polarisation of the states; for exam-
ple, Tˆ |T1〉3 = e−i2pi/3|T1〉3, while Tˆ |T2〉3 = ei2pi/3|T2〉3.
Whereas upon reversing the orientation of the cyclic per-
4mutation, then Tˆ−1|T1〉3 = ei2pi/3|T1〉3 and Tˆ−1|T2〉3 =
e−i2pi/3|T2〉3. This point implies that |T1〉3 and |T2〉3 have
opposite orientations, related to the cyclic permutation, and
thus are polarised in themselves. A similar picture is found
for |T ∗1 〉3 and |T ∗2 〉3. Consequently |W1〉3 and |W2〉3 are non-
polarised by this reasoning. The two distinct types of states
can be distinguished by introducing the phase-detuning inter-
action
H ′ = − 12
3∑
n=1
(
eiφσ+n σ
−
n+1 + e
−iφσ−n σ
+
n+1
)
, (5)
for which the chiral spin states have different energies by the
choice of the value of φ . For instance |T1〉3 has the minimal
energy when φ = −2pi/3. Whereas when φ = 2pi/3, the
energy of |T ∗1 〉3 is the minimal, and when φ = 0, |W1〉 has
the minimal energy. Accordingly one can distinguish these
polarised states in experiments by choosing φ properly, which
can be realised by adding a proper flux.
4-qubit case. There are two degenerate ground states |1〉4
and |0〉4. Two different cases can be found in the first excited
level; the first case occurs when the state is flipped only for
a single qubit: |W1(2)〉4, |T1(2)〉4, |T ∗1(2)〉4 and |T ′1(2)〉4. The
second is that two consecutive qubits are flipped simultane-
ously: |W3〉4, |T3〉4, |T ∗3 〉4 and |T ′3〉4. The two situations can
be distinguished by introducing the next nearest neighbor per-
turbation H1. The two highest energy states are |GHZ′1(2)〉4 ,
which are equivalent to |GHZ1(2)〉4 = 1√2 (|1111〉 ± |0000〉).
The first excited states consist of two different types of
cyclic units. Although the two types of excited states are in-
equivalent, they both characterise the same topological state
with fractional spin 1/4. This point implies that this situation
will be more stable that that of the 3-qubit case since it has a
higher level of degeneracy. There exists also 2-periodic states
of TI: |GHZ′1(2)〉4. Thus two different topologies can appear
in 4-qubit system.
Similarly to the case of 3 qubits, the differently polarised
states in the first excited level can be distinguished by a gener-
alizedH ′. However in this case, our calculations show thatH ′
would mix |GHZ′1(2)〉4 and the first excited level. Hence H ′
cannot be used to distinguish the higher-level excited states.
5-qubit case. Since 5 is a prime number, this case displays
no special topological features.
6-qubit case. The first excited states can be divided into
three classes C4, C5 and C7 (see the appendix for their mean-
ings), which correspond to the situations that the states are
flipped for one, two and three consecutive qubits respectively
as shown in the appendix. By introducing the nearest neigh-
bour interaction H1, one can distinguish C4 from the other
two cases. Then an additional nearest neighbour interaction
H2 is necessary to distinguish the C5 and C7 classes. A simi-
lar situation can be found for the second excited states, which
can be divided into three distinct classes, C3, C6 and C8. The
highest energy levels are |GHZ′1(2)〉6, which are equivalent to
|GHZ1(2)〉6 = 1√2 (|111111〉 ± |000000〉).
The second excited level includes two topological states
with fractional spins 16 and
1
3 respectively. In addition the
highest energy level belongs to the topological state with half
spin. Thus there are three types of topologically distinct exci-
tations in the 6-qubit system.
We have demonstrated that the basis states of TI can be
the energy levels in spin chain systems. Seemingly this point
means that from the viewpoint of quantum entanglement, that
Hi(i = 0, 1, 2) could used as an entanglement indicator.
However the situation is not so, as shown below.
The definition of an entanglement indicator is
Went = tr [−ρentHi] − Esep, in which Esep =
minρsep∈S tr [−ρsepHi] and S is the set of fully separa-
ble states [27]. If ρent is entangled, Went ≤ 0; while if it is
fully separable, Went ≥ 0. Consider the fully separable state
of TI |ψsep〉N =
(√
z1|1〉+√z0|0〉
)⊗N
, in which z0 and z1
are complex numbers with the constraint |z1|+|z0| = 1. Then
one can find that N 〈ψsep|(−Hi)|ψsep〉N = N (|z1| − |z0|)2.
With respect to the subject of this article, we limit ρsep to be
of TI. Consequently the calculation shows that Esep = 0. As
shown in Table I, there are some entangled states that do not
satisfying this criterion.
As for mixed states, the result is similar. For example,
consider the Werner-like state ρW = 1−p2N 12N + p|ψ〉〈ψ|,
in which |ψ〉 denotes the basis state of TI. It is easy to find
tr [−ρWHi] = p〈ψ|(−Hi)|ψ〉 ≥ 0 . However, it is known
that the Werner state of two qubits is entangled when p > 1/3
[29].
The counter-examples show that Hi cannot be used as an
entanglement indicator. Actually we use Hi just to demon-
strate the topology of the basis states of TI and their realisa-
tion in concrete systems. It is still difficult to find a general
entanglement indicator for these states, although they share
some common features.
IV. FURTHER DISCUSSION AND CONCLUSIONS
Since any N -qubit state can be written as a superposition
of basis states of TI, two situations can occur; if the state is a
superposition of two or more basis states of TI with the same
geometric phase factor c, the state is also of TI, and if not, it
must be not of TI. However, in both cases, one cannot deter-
mine the topology of the state only by the superposition form,
since the superposition of the basis states of TI could also be
fully separable, i.e., topologically trivial, for example |ψsep〉N
and |100〉 = 1√
3
(|W1〉3 + |T1〉3 + |T ∗1 〉3).
A special case are the N -qubit GHZ states, which are ob-
viously permutationally invariant and thus 1-periodic by our
definition. Although they are also the ground states of H0,
one can introduce the non-local interaction to break the de-
generacy, as shown in Table II [28]. The unique preparation
of a GHZ-like state in a concrete system requiresm-body cou-
pling with m ≥ (N + 1)/2 [28]. This nonlocal interaction is
a great challenge for current experiments. Extensive studies
can also be found in references [16, 17, 32].
In conclusion, two topological features of states of TI, the
cyclic unit and quantized geometric phase, has been identi-
fied in this article. Consequently the underlying topology of
the states can be disclosed by the two features. Moreover the
5topology could be manifested physically by a fractional spin.
In addition the state degeneracy for a specific cyclic unit re-
flects the robustness of the topology with respect to local per-
turbation without symmetry breaking. By a spin chain model,
we show that the topological features can emerge from exci-
tation above fully separable ground states. Thus it is possible
to identify the topological features in experiments.
Although our discussion is limited to states of TI, it has ex-
tensive interest. Especially it is of great interest to discuss the
quantum statistics of the fractional spin and its possible con-
nection to the fractional excitations in quantum Hall systems
[30], in which the symmetry of translation also plays an im-
portant role for the construction of Landau levels [31]. From
another viewpoint, the physical states are only a tiny set in the
whole Hilbert state space [19], and have to display some sym-
metry in order that they can be realiszed in concrete systems.
Thus we hope that this work will provide a new understanding
of quantum entanglement.
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N
n=1 σ
z
nσ
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∗
3 〉4, |T
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∗
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′
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∗
2 〉5, |T
′
2〉5, |T
′∗
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-1 -1 -
|W3〉5, |T3〉5, |T
∗
3 〉5, |T
′
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′∗
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|W4〉5, |T4〉5, |T
∗
4 〉5, |T
′
4〉5, |T
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-1 3 -5-qubit
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∗
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′
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∗
6 〉5, |T
′
6〉5, |T
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0〉6, |T
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|W1(2)〉6, |T1(2)〉6, |T
∗
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∗
3(4)〉6,
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Appendix: examples of the symmetric basis states
This appendix provides several examples of the complete
orthogonal basis of states of TI. Set TRN = ⊗Nn=1σxn for con-
venience.
7State H0 Hnl = ⊗Ni=1σxi
|0〉⊗N , |1〉⊗N N 0
|GHZ1〉N = 1√2
(
|0〉⊗N + |1〉⊗N
)
1
|GHZ2〉N = 1√
2
(
|0〉⊗N − |1〉⊗N
) N
-1
Table II: Distinguishing fully separable states |0〉⊗N , |1〉⊗N and
GHZ-like states.
A. 3-qubit case
1-period: |1〉3 = |111〉; |0〉3 = |000〉
3-period:
|W1〉3 = 1√
3
(|100〉+ |010〉+ |001〉)
|T1〉3 = 1√
3
(
|100〉+ ei2pi/3|010〉+ ei4pi/3|001〉
)
|T ∗1 〉3 = (|T1〉3)∗
|W2〉3 = TR3|W1〉3; |T2〉3 = TR3|T1〉3; |T ∗2 〉3 = (|T2〉3)∗ ,(6)
It is easy to show
Tˆ |T1〉3 = e−i2pi/3|T1〉3
Tˆ |T2〉3 = ei2pi/3|T2〉3 (7)
The orthogonality can be easily proved by 1 + ei2pi/3 +
ei4pi/3 = 0.
It is obvious
|T1〉3 = I ⊗
(
ei2pi/3 0
0 1
)
⊗
(
ei4pi/3 0
0 1
)
|W1〉3. (8)
A similar relation can be found for |T2〉3. Thus
there are two inequivalent classes {|1〉3, |0〉3} and{
|W1(2)〉3, |T1(2)〉3, |T ∗1(2)〉3
}
.
B. 4-qubit case
1-period: |1〉4 = |1111〉; |0〉4 = |0000〉
2-period:
|GHZ′1〉4 =
1√
2
(|1010〉+ |0101〉)
|GHZ′2〉4 =
1√
2
(|1010〉 − |0101〉)
4-period:
|W1〉4 = 1
2
(|1000〉+ |0100〉+ |0010〉+ |0001〉)
|T1〉4 = 1
2
(
|1000〉+ eipi/2|0100〉
+ eipi|0010〉+ ei3pi/2|0001〉
)
|T ∗1 〉4 = (|T1〉4)∗
|T ′1〉4 =
1
2
(|1000〉 − |0100〉+ |0010〉 − |0001〉)
|W2〉4 = TR4|W1〉4; |T2〉4 = TR4|T1〉4;
|T ∗2 〉4 = (|T2〉4)∗ ; |T ′2〉4 = TR4|T ′1〉4
|W3〉4 = 1
2
(|1100〉+ |0110〉+ |0011〉+ |1001〉)
|T3〉4 = 1
2
(
|1100〉+ eipi/2|0110〉
+ eipi|0011〉+ ei3pi/2|1001〉
)
|T ∗3 〉4 = (|T3〉4)∗
|T ′3〉4 =
1
2
(|1100〉 − |0110〉+ |0011〉 − |1001〉) (9)
It is easy to verify
Tˆ |GHZ′1(2)〉4 = ±|GHZ′1(2)〉4
Tˆ |T1(2,3)〉4 = −i|T1(2,3)〉4 (10)
Obviously one has SLOCC equivalences, for example,
|T1〉4 = I ⊗
(
eipi/2 0
0 1
)
⊗
(
eipi 0
0 1
)
⊗
(
ei3pi/2 0
0 1
)
|W1〉4
|T ′1〉4 = I ⊗
(
−1 0
0 1
)
⊗ I ⊗
(
−1 0
0 1
)
|W1〉4 (11)
With respect to distinct cyclic units, there
are four inequivalent classes, {|1〉4, |0〉4},{|GHZ′1〉4, |GHZ′2〉4},{|W1(2)〉4, |T1(2)〉4, |T ∗1(2)〉4, |T ′1(2)〉4}
and {|W3〉4, |T3〉4, |T ∗3 〉4, |T ′3〉4}.
8C. 5-qubit case
1-period: |1〉5 = |11111〉; |0〉5 = |00000〉
5-period:
|W1〉5 = 1√
5
(|10000〉+ |01000〉+ |00100〉
+|00010〉+ |00001〉)
|T1〉5 = 1√
5
(
|10000〉+ ei2pi/5|01000〉+ ei4pi/5|00100〉
+ei6pi/5|00010〉+ ei8pi/5|00001〉
)
|T ∗1 〉5 = (|T1〉5)∗
|T ′1〉5 =
1√
5
(
|10000〉+ ei4pi/5|01000〉+ ei8pi/5|00100〉
+ei12pi/5|00010〉+ ei16pi/5|00001〉
)
|T ′∗1 〉5 = (|T ′1〉5)∗
|W2〉5 = 1√
5
(|01111〉+ |10111〉+ |11011〉
+|11101〉+ |11110〉)
|T2〉5 = 1√
5
(
|01111〉+ ei2pi/5|10111〉+ ei4pi/5|11011〉
+ei6pi/5|11101〉+ ei8pi/5|11110〉
)
|T ∗2 〉5 = (|T2〉5)∗
|T ′2〉5 =
1√
5
(
|01111〉+ ei4pi/5|10111〉+ ei8pi/5|11011〉
+ei12pi/5|11101〉+ ei16pi/5|11110〉
)
|T ′∗2 〉5 = (|T ′2〉5)∗ . (12)
For the other basis states not listed here, we present the cor-
responding cyclic units only: {11000} and {00111} for the
series of {|W3〉5} and {|W4〉5}, {10100} and {01011} for
the series of {|W5〉5} and {|W6〉5}.
Then there are 4 classes, dependent on the periodicity and
the cyclic unit,
{|GHZ1(2)〉5} ,{
|W1(2)〉5, |T1(2)〉5, |T ∗1(2)〉5|T ′1(2)〉5, |T
′∗
1(2)〉5
}
,{
|W3(4)〉5, |T3(4)〉5, |T ∗3(4)〉5, |T ′3(4)〉5, |T
′∗
3(4)〉5
}
,{
|W5(6)〉5, |T5(6)〉5, |T ∗5(6)〉5, |T ′5(6)〉5, |T
′∗
5(6)〉5
}
(13)
D. 6-qubit case
1-period: |1〉6 = |111111〉; |0〉6 = |000000〉
2-period:
|GHZ′1〉6 =
1√
2
(|101010〉+ |010101〉)
|GHZ′2〉6 =
1√
2
(|101010〉 − |010101〉)
3-period:
|W0〉6 = 1√
3
(|100100〉+ |010010〉+ |001001〉)
|T0〉6 = 1√
3
(
|100100〉+ ei2pi/3|010010〉
+ ei4pi/3|001001〉
)
|T ∗0 〉6 = (|T0〉6)∗
|W ′0〉6 = TR6|W0〉6; |T ′0〉6 = TR6|T0〉6; |T ′∗0 〉6 = (|T ′0〉6)∗
6-period:
|W1〉6 = 1√
6
(|100000〉+ |010000〉+ |001000〉
+ |000100〉+ |000010〉+ |000001〉)
|T1〉6 = 1√
6
(
|100000〉+ eipi/3|010000〉
+ ei2pi/3|001000〉+ eipi|000100〉
+ ei4pi/3|000010〉+ ei5pi/3|000001〉
)
.
|T ′1〉6 =
1√
6
(
|100000〉+ ei2pi/3|010000〉
+ ei4pi/3|001000〉+ |000100〉
+ ei2pi/3|000010〉+ ei4pi/3|000001〉
)
|T ∗1 〉6 = (|T1〉6)∗ ; |T ′∗1 〉6 = (|T ′1〉6)∗
|T ′′1 〉6 =
1√
6
(|100000〉 − |010000〉+ |001000〉
− |000100〉+ |000010〉 − |000001〉)
|W2〉6 = TR6|W1〉6; |T2〉6 = TR6|T1〉6
|T ∗2 〉6 = (|T2〉6)∗ ; |T ′2〉6 = TR6|T ′1〉6
|T ′∗2 〉6 = (|T ′2〉6)∗ ; |T ′′2 〉6 = TR6|T ′′1 〉6. (14)
The other basis states are not listed here. Instead we present
the corresponding cyclic units, by which they can be ob-
tained in the same way as above. For C5 (see the next para-
graph), cyclic units are ”110000” and ”001111”. Similarly,
”101000” and ”010111” for C6; ”111000” for C7; ”101100”
and ”110100” for C8.
9All basis states can be divided into 8 classes,
C1 : {|1〉6, |0〉6} ,
C2 :
{|GHZ′1〉6, |GHZ′2〉6}
C3 :
{
|W (′)0 〉6, |T (′)0 〉6, |T (′)∗0 〉6
}
C4 :
{
|W1(2)〉6, |T1(2)〉6, |T ∗1(2)〉6, |T ′1(2)〉6, |T ′∗1(2)〉6, |T ′′1(2)〉6
}
C5 :
{
|W3(4)〉6, |T3(4)〉6, |T ∗3(4)〉6, |T ′3(4)〉6, |T ′∗3(4)〉6, |T ′′3(4)〉6
}
C6 :
{
|W5(6)〉6, |T5(6)〉6, |T ∗5(6)〉6, |T ′5(6)〉6, |T ′∗5(6)〉6, |T ′′5(6)〉6
}
C7 : {|W7〉6, |T7〉6, |T ∗7 〉6, |T ′7〉6, |T ′∗7 〉6, |T ′′7 〉6}
C8 :
{
|W8(9)〉6, |T8(9)〉6, |T ∗8(9)〉6, |T ′8(9)〉6, |T ′∗8(9)〉6, |T ′′8(9)〉6
}
(15)
